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This review provides a gentle introduction to one-way quant um computing in distributed
architectures. One-way quantum computation shows signic ant promise as a compu-
tational model for distributed systems, particularly thos e architectures which rely on
probabilistic entangling operations. We review the theore tical underpinnings of one-way
quantum computation and discuss the practical issues relat ed to exploiting the one-way
model in distributed architectures.

1. Introduction

The seminal work of Raussendorf and Briegél proposed the fundamentals ofone-
way quantum computing and these ideas were developed by follow-up papers from
numerous source$34. One-way quantum computing is so-called because it is drive
by irreversible measurements performed on a large entanglestate, rather than
by reversible gates. Although the gate-based model of quaomm computing uses
entangling operations, these are spread throughout the coputation, whereas in
one-way quantum computing all the entanglement required ispresent in the initial
state®S.

Many recent architectures proposed for distributed quantum computing suf-
fer from an inability to deterministically entangle qubits . If entangling gates be-
tween single qubit nodes are projective and probabilistic hen a naive application
of the gate-based approach will be prohibitively ine cient. However, projective
and probabilistic entangling operations can be employed gite naturally to grow
an entanglement resource required for the one-way modé %1011 Conveying an
understanding of how one grows an entanglement resource isiocore goal here.

The entanglement resources of one-way quantum computing arcalledgraph, or
cluster, states and our starting point is to explain what these entarglement resources
are. We introduce two invaluable tools for describing graphstates. Firstly, we out-
line the stabilizer formalism, which uses operators to desibe quantum states. Sec-
ondly, we introduce a graphical representation from which gaph states inherited
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their name. Having described graph states, their informatbn processing capabilities
will be introduced by analogy with teleportation. Graph states will be shown to be
capable of universal quantum computing in a deterministic fishion. The determin-
ism of one-way quantum computing will be a point of interest &s it is this feature
that was not obvious prior to the work of Raussendorf and Brieggel. Indeed, since
the measurements on graph states necessary to perform comation have random
outcomes it is counter-intuitive that this evolution can be harnessed to determinis-
tically process information. As we shall see, certain measements on graph states
can be classically simulated, and so can be removed to yieldsanaller, more e cient
resource state for a given algorithm.

Having established the basics of one-way quantum computingwe move on to
describe how it can be physically embodied in adistributed quantum computer.
An architecture for quantum computing is distributed whenever it has a natural
partitioning into nodes, small quantum registers, that are interconnected by some
network that allows communication between nodes. Each nodés quantum com-
puter of limited size, where quantum control is excellent béween that small num-
ber of qubits. This is an apt description of many next generaton proposalg?13,
where an initial design has been found to work well on a smallcale, but scaling
up the size of a node is either di cult or simply impossible. Rather than abandon-
ing an excellent small scale technology, the distributed peadigm prescribes that
we chain up these technologies into a network of nodes. The g@poach is proving
attractive to experimental groups because separation of ndes allows both for more
e cient cooling and individual addressability, which beco me possible by virtue of
spatial separation. In solid states systems with densely peked qubits addressing
individual qubits remain a signi cant obstacle making the distributed paradigm an
appealing alternative.

The concept of a distributed quantum computer (DQC) is quite general, but it
is especially suited to so callechybrid matter-optical systems. In hybrid systems
some collection of matter qubits form a node, and the inter-ode entanglement
is generated by an optical mechanisri15:16:17:18,19,20:21,22,:23:24 \\je will see that
by post-selecting on certain photon measurements, entangment can be created if
the photon source is unknown. Typically, information regarding a photon's path to
the detector is erased by use of a beam splitter, so that it canot be determined
which node was the emitter. Our introduction to hybrid systems is split into a two
parts: rstly, a review of the underlying physics of atom-li ght interactions and linear
optical transformations; secondly we outline a number of tehniques for dealing
with practical issues which arise in such systems. Since pheons are easily lost, for
example by absorption or detector ine ciency, robustness aainst this problem will
play a prominent role in our review of these protocols.

One-way quantum computing and distributed quantum computing are partially
independent topics. The former is a model of computation, ad the latter a physical
design. However, they t together neatly to o er a complete approach to quantum
computing. On one hand DQC gives us a method of producing entaglement based
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on photon measurements that are inherently probabilistic and projective. On the
other hand, one-way quantum computing requires an entangleent resource that is
simple to describe. Fortunately, several strategies existhat ensure these imperfect
entangling operations can e ciently grow the desired graph states, and we out-
line these in section 4. We close with a brief discussion of W to tolerate other
imperfections using fault tolerance techniques and entanigment distillation.

2. One-way computation
2.1. The stabilizer formalism

The stabilizer formalism?® is a powerful tool for describing certain quantum states,
and achieves this by a compact description in terms of operatrs instead of wave-
functions. The stabilizer formalism was originally develged in the context of quan-
tum error correction, with most of the original literature e mphasizing this appli-
cation. Our presentation of the stabilizer formalism is stripped of these details,
providing just the essentials for understanding one-way gantum computing.

For an operator description of a quantum state,j i, it is su cient to have: ( i) a
non-degenerateoperator, Q, for which j i is a eigenfunction; and (i) a number, g,
that speci es the correct eigenvalue,Qj i = gj i. Non-degeneracy is the property

of an operator that has only one eigenfunction for each eigamlue. Hence, a single
such operator is su cient to identify a unique state. For sim plicity, the eigenvalue
can be absorbed into the operator to make a new operatof = (1 =q)Q. For now,
we will call S a stabilizing operator ofj i, similarly for any other operator satisfying
Sj i =] i. Later we further restrict the class of stabilizing operators.

Unfortunately, as with the wavefunction, this non-degenerate stabilizing opera-
tor may not have a simple decomposition. Instead, consider wat can be deduced
about j i from knowing that it is stabilized by a degenerate operatorS, with j or-
thogonal eigenfunctionsfj 1i;j »i;:j jig with eigenvalue +1. Itis clear that j i
may be any of these eigenfunctions, or indeed any complex lgar combination of
them; that is, j i is within the j-dimensional subspaceH s, stabilized by S. Given
a set of stabilizing operatorsS = fS;;Sy;:::Sh0, ] | must be within the subspace
stabilized by all these operators. Therefore, given enoughktabilizing operators, even
if each is degenerate, we can reduce the number of possibleatts to one de nite
state. This set of stabilizing operators, S, forms the stabilizer of j i. Typically, we
consider only stabilizing operators chosen from tensor praucts of Pauli operators
( x, yand ), the Pauli group. By restricting stabilizing operators to Pauli op-
erators we limit ourselves to being able to describe a subsaeif all possible states,
which we call stabilizer states In exchange for this limitation, the stabilizer formal-
ism gains a conciseness that enables it to avoid the expongat number of variables
required to describe a general quantum state.
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2.1.1. Commutation of stabilizing operators

Any two stabilizing operators of a state must commute on the sate-space they
stabilize, since

SC S T=5()S( )] i S()S()]i 1)
=) i S()ji (2)
=jij i=0: 3)

Further, for stabilizing operations in the Pauli group this implies that the op-
erators themselves must commute.

2.1.2. Products of stabilizing operators

For any two stabilizing operators, Sy and S-, their product must also be in the
stabilizer of the same state, since:

(5S)j i =S(S] i) “4)
= S¢j | (5)
=g (6)

As a consequence of this, in order to track the evolution of a gantum state, it
is not necessary to individually track the evolution of all operators in the stabi-
lizer. Instead it is possible to track only a subset of stabiizing operators, which by
multiplication generates the rest of the stabilizer. Any minimal collection of opera-
tors that su ces to describe the stabilizer are called generators of the stabilizer. It
has been showff that n generators are su cient to describe all n-qubit stabilizer
states.

2.1.3. Unitary evolution

Closed quantum systems, which are not interacting with an emironment, are
governed by the Schmdinger equation. After at time of evo lving under the
Schredinger equation, an initial state j (t)i evolves unitarily to j (t+) i =
Uj (t)i where U is a unitary operator satisfying UYU = 1. If the initial state
was stabilized by S, then:

J(t+) i=Uj (i (7
= USj (b)i (8)
= (USU)Uj ()i ©)
= (USW)j (t+) i (10)

and so the new statej (t+ ) i = Uj (t)i is stabilized by S°= USUY. In general,
U will not map a Pauli operator to a Pauli operator, and may evolve an initial sta-
bilizer state into some state which does not admit an e cient stabilizer description.
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However, some unitaries will always map Pauli operators to Ruli operators. Uni-
tary operators that satisfy this property are said to belong to the Cli ord group, C,
where the group structure entails that if C; 2 C and C, 2 C then the product is also
in the Cliord group C;C, 2 C. Consequently, we can describe the whole Cli ord
group by describing a subset of operators that generate theast of the group. One
collection of generators are the single qubit Hadamard, sgare-root phase ip and
two-qubit control-phase gate:

Hj = jOin+j; + j1ihj ; (11)
P, = j0ih0j; + ij1ihlj;;
Cz! = j0;0ih0; Oji + j1;0ih1; Oji; + jO; Lih0; Ljij + j 1;1ih1; Lji ;

where in Hwe de nition of the Hadamard, H, we have used the shathand ji =
(jOi j 1i) 2. The Cliord group is an important subgroup of unitary oper ations,
containing gates necessary to demonstrate many of the impeant features of quan-
tum mechanics, including non-commuting operators, manipdation of quantum su-
perpositions and creation of entanglement. One of the mosttsking features of this
group of operations, however, is that unlike general unitay operations evolution
under Cli ord group operations often remains classically smulable, a result known
as the Gottesman-Knill theorem?”:28,

2.1.4. Measurements

What measurements can we encompass within the stabilizer fonalism? If we mea-
sure an observableM , and get outcomem;, then the measured system is projected
into a state stabilized by m;, M. Hence, we expect that measurements of Pauli
operators can be modeled within the stabilizer formalism. Qearly, m; M is added
to the stabilizer of the state, but does the projection remowe any operators from the
stabilizer? Recall that all operators within the stabilizer must commute with each
other, and that all Pauli operators either commute or anti-commute. It follows that
projection will cause all operators that anti-commute with m, M to be eliminated
from the stabilizer. In terms of stabilizer generators, thae is always a choice of gen-
erators where no more than one generator anti-commutes wittthe measurement
operator.

In addition to simulating Pauli measurement projections we can also predict the
outcome probabilities. The are two di erent cases: when themeasurement operator
commutes with the whole stabilizer group, and when it does nb If it commutes with
the stabilizer the system must already be in an eigenstate othe observable, and
one outcome occurs with unit probability. When this is not th e case, the outcomes
+1 and 1 occur with equal probability.
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2.1.5. The Gottesman-Knill theorem

We have loosely remarked that stabilizer formalism provides a compact description
of stabilizer states. More formally, an n-qubit stabilizer state can be described by a
classical bit string that scales as a polynomial inn. We can arrive at this result by a
simple counting argument: An n-qubit stabilizer state is described byn generators,
so we requiren G bits where G is the number of bits per generator. Each generator
consists of a sign (1 bit) and a tensor product of n Pauli operators (2n hits?) , so
G =2n+ 1. The grand total is n(2n + 1) bits, which is a slow scaling polynomial
much smaller than the exponential amount of information recuired to describe a
general quantum state. This argument su ces to establish the e ciency of the
stabilizer formalism, though further reductions have beeninvestigated?®:°.

This result lies at the heart of the Gottesman-Knill theorem. The theorem states
that any quantum circuit composed entirely of gates in the Cliord group and
Pauli basis measurements, taking as input a stabilizer stag, can be simulated on
a classical computer with only polynomial overhead. Formaly the theorem can be
stated as follows:

Theorem 1. Any quantum computer performing only: a) initialisation of qubits in
stabilizer states, b) Cli ord group gates, ¢) measurementsof Pauli group operators,
and d) Cliord group operations conditioned on classical bits, which may be the
results of earlier measurements, can be perfectly simulatein polynomial time on
a probabilistic classical computer.

On the basis of the preceding sections, this should seem plaible to the reader.
One way to see that the Gottesman-Knill theorem must hold is o consider the
e ect of such a circuit on the stabilizer of the initial quant um state. This initial
state has by de nition an e cient stabilizer description. I n general, measurements
can be postponed until after the unitary part of a quantum circuit, by adding a
single ancillary qubit per measurement.

From section 2.1.3 the stabilizing operators,f Sxg, of the initial quantum state
evolve under an operatorU as USUY. If U is an element of the Cli ord group
and f Syg are Pauli operators, then the resultant generators will al® be within
the Pauli group. Thus the quantum state produced as a result 6 the circuit must
also be a stabilizer state. As the size and form of the set of gerators of the
stabilizer describing the quantum state remains constantthe number of parameters
describing the state also remain constant. This is in stark ontrast to the general
case, where the number of free parameters describing a quanh state can grow
exponentially with the number of quantum gates. For a formal proof of the theorem
and exact computational resources required for such a simation we refer to the
relevant literature 27:28:29:30,

aThe factor of 2 arises because we use 2 bits to describe each Pauli operator, e.g. 1 = (0 ;0),
X =0;1,Y=(@1;1),Z=(@1;0).
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2.2. Graph states
2.2.1. The constructive de nition

In mathematics, a graph is a particular kind of diagram composed of points graph
vertices) connected by lines graph edge}, where some simple examples are shown
in tables 1 and 2. In quantum information graph states are a paticular class of
guantum states that can be represented by a graph. There areumerous de nitions
of a graph state, but the simplest de nition to grasp is the constructive de nition,
where a graph species a procedure for constructing the coesponding quantum
state. Firstly, each graph vertex, i, represents a qubit prepared in the statej+i;.
Secondly, each graph edge between two verticeisand j, represents the application of
a two-qubit controlled-phase gate,CZ! (de ned in Egn. (11)). All CZ operations
commute, and CZ is unchanged on interchange of the control and target qubit.
Therefore, the edges do not require a time ordering or bias tward one qubit.

Cluster states are a specic class of graph state for which tb corresponding
graph is a regular square lattice. These were initially intoduced by Briegel and
Raussendorf in the context of studying many-body entanglerent®!, but as we shall
see in section 2.3, also provide a universal resource for maaement based compu-
tation. Although the constructive de nition speci es a uni que quantum state for
each graph, the corresponding wavefunction rapidly beconge cumbersome as the
graph grows in size.

2.2.2. Graph states as stabilizer states

As we have seen in section 2.1.5, any stabilizer state to whica Cli ord group

operator is applied remains a stabilizer state. The constrgtive de nition de nes a

graph state as the result of just such a process, and so graphages are stabilizer
states. As the initial states (j+i,) to which the CZ operators are applied are stabi-
lized by X, by evolving the generators of the stabilizer as discussedhisection 2.1.3,
we obtain the corresponding operators for the graph state. Tis yields an alternate
de nition for the graph state corresponding to some graphG as the state for which

the set of operators v

S=X; Zj (12)
i2Ng (i)
generate the stabilizer. HereNg (i) denotes the set of vertices connected by an edge
to vertex i, which is called the neighborhood of vertexi.

So, all graph states are stabilizer states. What about the coverse statement:
are all stabilizer states also graph states? Consider the tarqubit state stabilized
by X1X2 and Z1Z5; this is an example of a stabilizer state that cannot be gen-
erated by the constructive de nition, and so the converse satement is not true.
However, it can be transformed into a constructively de ned two-qubit linear chain
by the application, to either qubit, of a Hadamard gate. Since the Hadamard is
a local Cli ord operation, there exists a graph state with the same entanglement
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Table 1. Three representations of graph states for: ( a) two-qubit linear chain; ( b) 4-qubit linear

chain; (¢) a 5-qubit non-trivial graph.

Graph Wavefunction Stabilizer
representation representation generators
(a)
1 2 jGai CZgj++i X1Z5;
—e (1= 2)(jo+i +j1i ) X2Z1
(b)
iGoi CZiCZECZ3j++++ i X1Z2;
1 2 3 4 (1="2) j+00+i + j+01 i X2Z1Z3;
—aeo—o—o j 10+ + 11i X3Z2Z4;
XaZ3
(€)
1 2 3 4 | GiI = CZéCZ%CZSZCij+++++ i | X1Zo;
® ® ® = (l: i) j+00++ i+ J+01 +i | X2Z1Z3Zs;
I5 +j 10+ i +j 11 i X3Z22Z4;
X423,
XsZ;

properties as our example stabilizer state. Surprisinglythis is always the case: all
stabilizer states are local Cli ord equivalent to some graph state®%33. A loose way
of understanding this result is to consider how the construtive de nition provides
the CZij gates, and so only the local gate$d; and P; are required to complete the
generators Cli ord group. However, this mapping is not necessarily one-to-one, as
shown in table 2, a single stabilizer state may be equivalenup to local unitary
operations to many di erent graphs.

In table 2 the required local unitaries have been explicitly added so that the
di erent representations are strictly identical. However, if we are interested in the
required entanglement resource then local unitaries are umportant, and are com-
paratively easy to implement. Therefore, di erent topology graphs can be sorted
into local unitary (LU) equivalence classes. Heinet al have characterized all of the
equivalence classes for graphs with up to 7 verticés They found that out of 995
graphs there are only 45 classes of LU-equivalent graphs. kal Cli ord (LC) equiv-
alence is a special case of LU-equivalence, in which equiealce is only considered up
to operations in the Cli ord group. Van den Nest et al®? showed that the problem of
identifying whether two graphs are LC-equivalent is reducble to a purely graphical
problem; two graphs are LC-equivalent if and only if there exsts a series oflocal
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Table 2. Example stabilizer states with di erent equivalen t graph representations. Ver-
tices labeled with operators are equivalent to the stabiliz er state when these local unitaries
are applied to the vertex after having followed the construc tive prescription.

Equivalent graph Stabilizer
representations generators
1 2 , 1 2 X1X2;
() He®—® 9, 217,
2 HPH X1Z3;
X2Z12Z3;
(b) 01—02—03 ’ X3Z;
P p3
1 3

complementationsthat transforms one graph into the other. A local complementa-
tion is an operation that can be applied to any vertexi. When applied to vertex i,
every neighbour ofi gains a graph edge with every other neighbour. However, sirc
(CZji)2 =1, if the neighbours were already connected, the two graphedges cancel
each other. In table 2b we transform between the two graphs byerforming a local
complementation on vertex 2. As vertex 2 has 1 and 3 as neighlwing vertices,
the action of complementation connects or disconnects 1 an@. This leaves the
problem of nding an algorithm to work through all possible c ombinations of local
complementations, so as to determine whether two graphs areC-equivalent. Van
den Nestet al®*® showed that an algorithm developed by Bouchet* | initially for
purely theoretical purposes | will e ciently solve this pro  blem in polynomial time.
This algorithm proves extremely useful when planning how bet to implement an
algorithm using graph states. Many architectures do not albw for many gates to
be simultaneously executed on a given qubit, meaning that eges must be created
sequentially, as is the case for many schemes based on oplicaecasurements, such
as double-heralding® and repeat-until-succesd’. In these cases it is sensible to cy-
cle through LC-equivalent graphs to minimize the number of eatangling operations
necessary to construct the state.

2.2.3. Pauli measurements on graph states

When graph states undergo Pauli measurements the transforation obeys a set
of graphical rules, which were discovered independently byHein et al® and by
Schlingemanr¥®. Here we will only describe the rules, up-to local Cli ord operation,
which will mean that the outcome of the measurement is unimpetant. The rule
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Table 3. Transformation rules for graph states undergoing | ocal measurements of Pauli group
operators. These describe the resultant state up to local Cl iord operations. Here we adopt

the convention of denoting sets by uppercase letters and ele ments of a set using lowercase
letters. In the above equations, E(A;B) denotes the set of edges between sets A and B,
E(A;B) = ffaybg 2 E : a2 Ajb 2 B;a 6 bg, and the operation E F is dened as
E F=(E[ F) (E\ F).Inthe examples, vertex a is highlighted in white.

Basis Rule

The vertex a is removed along with any
edges stemming from it.

z Formally: G°= G f ag

Local complementation of edges is applied
about vertex a, which is then removed
along with any edges stemming from it.

Formally: G°= G E(Na;N,) f ag

A vertex b (grey) is chosen in the neighbourhood
of a. First the edges between the neighbourhood o
and the neighbourhood ofa undergo complementation.
Next the edges between vertices which are in the
neighbourhood of botha and b are complemented.
X Finally, the edges betweenb and the neighbourhood
of a (excluding b) are complemented, and vertex
a and any edges stemming from it are removed.

B | B

Formally: G°= G E(Np;Na) E(Np\ Na;Np\ Np)
E(fbg;Na f bg) f ag

for Z measurements is rather simple, the measurement removes therresponding
vertices from the graph. SinceX and Y Pauli measurements dier from Z by a
local Cli ord operation, we expect they begin with a set of local complementations
before removing a vertex from the graph. Given a graphG, the rules by which the
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Fig. 1. a) Cluster state fragment implementing a To oli gate . Qubits measured in the computa-
tional basis measurements have been removed. b) The minimal graph state obtained by removing
the Cliord part of the rst graph. The unmeasured qubits ret ain their index from (a). Remov-
ing the Cliord part of an algorithm in this way can dramatica lly reduce the number of qubits
necessary to implement the computation.

structure of the graph is changed by local Pauli basis meas@ments of vertexa is
summarized in table 2.2.3, where we use of the notation of Haeiet al® to formalize
the transformation.

Our motivation for studying graph states is that measuremerts on them enable
guantum computation, which we describe in the next section.Since the e ect of
Pauli measurements can be easily simulated, it is interestig to ask what this might
mean in terms of the underlying computation being performed Given the duality
between Pauli measurements and Cli ord group gates, the reder may not be sur-
prised that Pauli measurements on a graph state execute the ICord gates within
a computation. The net result of this is that it is possible to remove the entire
Cli ord part of an algorithm, transitioning from a regular ¢ luster state, to a more
algorithm speci c, less regular graph state. A graph from whch the Cli ord part
has been removed is referred to as minimal graph state 22, and an example of
this removal process is shown in Fig. 1. This ability to remowe any Cli ord part
of an algorithm is strong motivation for considering genera graphs, rather than
remaining restricted to cluster states.

2.3. One-way quantum computation

In 2001, Raussendorf and Briegel proposed an innovative wayo exploit the

evolution of cluster states under measurement to perform uiversal quantum
computation’?2. They proposed measurement patterns to perform arbitrary $n-

gle qubit unitaries, and CNOTs between logical qubits. The® patterns can then be
superimposed on a regular square lattice cluster state. Quts not used are simply
measured out in the Z basis, e ectively removing them from the graph.

2.3.1. Quantum teleportation

Quantum teleportation 3¢ is not only an interesting application of quantum com-
munication, but as we will see here, also o ers a useful pictte for understanding
how quantum computation can be accomplished through carefily chosen measure-
ments on a su ciently large cluster state. While not as powerful as the stabilizer



June 14, 2009 23:38 WSPC/INSTRUCTION FILE MBQCreview

12

formalism described earlier, this approach is particulary intuitive and is useful for
gaining some feeling for how these computations progress. Betailed explanation
of this approach can be found in Refs. 8, 37.

[ 2™y

Fig. 2. Quantum teleportation of a single qubit. A quantum ci  rcuit used to prepare the entangled
state is boxed in grey. The top two qubits are held by one party , say Alice, and the bottom qubit

is held by a second party, say Bob. Initially, Alice holds j i and without using any quantum gates,

is able to transfer it to Bob up to some Pauli corrections. Ali  ce needs to transmit two classical
bits of information for Bob to be able to apply the Pauli corre  ctions and retrieve the teleported
states.

Let us start by examining the teleportation protocol, which is best depicted as
a circuit diagram in Fig. 2. The steps are as follows:

(1) A maximally entangled pair of qubits is generated, and sfared between two
parties.

(2) The qubit to be transfered interacts with one half of the entangled pair by
means of a controlled phase gate.

(3) Both qubits held by the rst party are then measured in the X basis.

(4) The measurement results are communicated to the secondgpty classically.

(5) The second party performs a Pauli operator on their qubit dependent on the
previous measurement results in order to obtain the telepaed state.

The quantum teleportation protocol can be seen as a concatetion of two
iterations of the two-qubit teleportation illustrated bel ow in Fig. 3. This two-qubit
teleportation procedure was proposed by Zhowet al®®.

[¥) m,

m
[+) X™Hy)
Fig. 3. The two-qubit quantum teleportation protocol.

We can follow this two qubit protocol mathematically. First , the entangling gate
is performed between the qubit carrying the state to be trandered, the state to be
teleported, j i = jOi + jli, and the second qubit prepared in thej+i state:

CZRj ipj*ig = jOij+i+ jliji : (13)
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We can emulate the e ect of the X basis measurement, by insted performing a
Hadamard rotation which will later be followed by a Z measuranent:

HACZR | ipi+ig Pl—i[ (O +i+jL+i)+ (jO;ij Li)] (14)

pl—z[jOi( i+ i)+ g+ ji) 0 (@5)

= p_i(JOI +jLX)( i+ i) (16)

After a Z measurement with outcomemj, the state is projected by hmgj:
tmijy HACZR j ipj*ig = XM ( j+i+ i) 17)
=XMHj ig: (18)

Here the teleportation protocol introduces a Hadamard gateonto the transmitted
qubit. The evolution introduced in this way is the key to performing computation
via measurement.

2.3.2. Single qubit gates

In the one-way model, single qubit gates are implemented by ay of a variation
of the two-qubit teleportation protocol: As any Z rotations added to the state,
j 1, commute with the controlled phase gate and so can be absorbeinto the
measurement basis. Rotating theX -measurement about theZ -axis gives an overall
measurement in the X Y plane. Fig. 4 illustrates this process, showing three
equivalent quantum circuits leading to the same output state.

a. b.
Rz<u>iAim! iAi m!
j+i X HR (Wi j+ X HR (Wi
Al m! %
- m! L~
I X HRAWIA A 4

Fig. 4. Rotation of a single qubit via measurements. a) The tw 0 qubit teleportation protocol. b)
The rotation can be separated from the logical qubit. ¢) The  z rotation commutes with the CZ
gate. d) The measurement pattern to implement any single qub it gate exploiting the Euler angle
formula, along with the initial state of each qubit. Here we u  se a diamond vertex to denote the
input qubit and a square vertex to denote the output qubit.

By generalizing the measurement operator to allow for anyX Y plane measure-
ment basis, it is possible to apply an arbitrary operation ofthe form J = HelZ |
for any real parameter . This is equivalent to applying an arbitrary Z rotation
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followed by a Hadamard gate. By concatenating three such telportations, the re-
sulting operator will by of the form:

JJJ =He'? He'? He'? (19)
HeiZ eiX eiZ

Any single qubit unitary operation can be implemented in this way through suitable
choice of , and , a result which follows from the Euler angle decomposition b
operators in SU(2)2¢. The initial entangling operations used in this protocol can be
seen as preparing a graph state, upon which single qubit measgements are made.
As a result, measurements on a linear segment of a graph statan be used to apply
any single qubit unitary operation, as depicted in Fig. 4(d).

2.3.3. Entangling gates

jAi m"
j+i m!
j+i x™ H cz H VA
jAi m$
jHi m#
j+i X™H cz H Z"FA

Fig. 5. Entangling gate between two logical qubits via measu rements.

Just as single qubit rotations about the z axis commute with the controlled phase
gates used to construct the graph state, controlled phase das also commute with
each other, and so can simply be added to the graph to performrgangling gates
between logical qubits. This yields another variant on the two-qubit teleportation
protocol, which is shown in Fig. 5.

This variation on the teleportation protocol is depicted in Fig. 6a. A further
variant on this approach is to add an additional node in placeof the edge used to
implement the controlled phase gate, as shown in Fig. 6(b) ad (c). This allows
freedom of choice in the location of entangling gates, as mearing the intermediate
qubit in the Y-basis recovers the entangling gate, while measuring it intie Z-
basis leads to an identity operation. Conveniently, as the gaph segments used for
both single qubit gates and entangling gates are planar, andorm a universal set
of operations for quantum computation, it follows that any quantum circuit can
be implemented by simply superimposing the measurement p&trns corresponding
to individual gates on a regular square cluster state. Additonal qubits present in
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the original cluster state but not used in these gates can beeamoved simply by
measurement in theZ -basis, as discussed in section 2.2.3.

el 0. o:ol
® @
SO0 OO0 O]

Fig. 6. a) Measurement pattern for implementing the entangl  ing gate shown in Fig. 5. This can
be replaced with an arrangement of three qubits which allows the entangling gate to be performed
using the measurement pattern in (b), or can be used to implem ent single qubit gates only, by
using the measurement pattern in (c). As before, we use a diam ond vertices to denote the input
qubits and square vertices to denote output qubits.

3. Physical implementations

We now turn our attention to how physical systems and form a dstributed ar-
chitecture capable of producing entanglement between node We focus on hybrid
matter-optical systems where matter systems embody the loigal qubits and pho-
tons are used to generate entanglement between nodes. Theleoof logical qubits
is more suited to matter systems as matter storage is less phdematic than photon
storage. However, photons can travel long distances withdusu ering signi cant
decoherence from interactions with the environment. Photms are robust to deco-
herence because in free space photons do not interact and whé&avelling through
materials the degree of non-linearity is typically extremdy weak. However, generat-
ing entanglement by unitary evolution requires a non-linea Hamiltonian. Although
there are some schemes for quantum computing that utilise wak non-linearities®,
this is not essential as non-linearities can also be inducethy measurement. Al-
though there are a broad spectrum of optical methods for prodcing entanglement,
we have in mind implementations that use only linear optics aad non-number re-
solving photon detectors, as these present the lowest tecluogical barriers.

We begin our introduction to the physics of these systems byrntroducing the
physics of free photons and linear optical elements such aselm splitters, phase
shifters, and wave-plates. Next, we introduce atom-light nteractions and how lasers
can be used to manipulate matter qubits.

3.1. Photons and linear optics

By quantization of the free space electromagnetic (EM) eld within a cubic volume
of spaceV, it is well known that the Hamiltonian is 4%:41:
Xk 1
Hem = c az;eak;g-i_ > ; (20)
&K
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Wherea%é and a,., are creation and annihilation operators for a photon of waverec-

tor, Rk = kK, and horizontal (&= ) or vertical (&= ¥) polarization®. The sum over
wavevectors covers all frequencies within the quantizatio volume and three inde-
pendent Cartesian directions. Note also that we take naturd units where ~= 1. It
is useful to eliminate the need for the free space EM Hamiltoian by absorbing the
time evolution into the photonic operators, so that a,., ! a,,exp( ikt=c). Each
photon corresponds to a plane wave oscillation of the elecit eld accompanied
by the orthogonal magnetic oscillation. Conversely, the etctric eld operator for
a point in space ¥ at time t is related to these photonic operators by a Fourier
transform:

[N

X

E(xt)=1i & agexp( ikt=c + ik:f) a{_eexp(ikt:c ikx)

k
2c"oV
K&

(21)
where " is the permittivity of free space. The state of electromagnéc (EM) eld
containing a single plane wave excitation is simplyai_ejvaci where jvaci is the
ground (vacuum) state of the EM eld. However, we will typica lly be dealing with
localized single photons that are a superposition of plane aves:

X
&= ok®ay,; (22)
K& ’

where normalization of the variable c(K; &) ensures thata¥ jvad is an eigenstate of
the number operator® with eigenvalue 1. A localized photon is not an eigenstate of
the free photon Hamiltonian and hence evolves in time non-tivially. As we would
expect this evolution results in propagation. From the eledric eld operator we can
see that this observable is the same for a later timé®= t+ t at the shifted spatial
point F9= ++ tk=c, which is consistent with a photon travelling across space tthe
speed of light.

Having given a brief introduction to optics in free space, wenow turn to the
e ects of linear optical elements on localized single photns. Linear optical e ects
are those where Heisenberg evolution of the creation operats is described by a
mapping of vectors of operatorsayn = (a;ap;:::ay )Y that is unitary:

By = Ug,: (23)

Note that this is more restrictive than unitary evolution of the EM eld. For ex-
ample, it excludes unitary processes such as spontaneouswda-conversion where a
single photon splits into two photons of lower energyaz ! aél aéz. In Fig. 7, we list
some common linear optical elements and their e ect on photaic operators. All

b Note that, photon polarizations are always orthogonal to a p hoton'E wavevector &K = 0.
¢The number operator counts the number of excitations andis  n = ., aééak.E§
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| Optical Element | Photon operator transformation | Beam-splitte
Phase shifter( ) al exp( )a spatial mode
Waveplate(; ) | an! cos()an +exp(i )sin( )ay a, a3
a,! cos()a, exp( )sin( )an

Beam splitter a;! cos()ag+exp(i )sin( )ay

(; ) a! cos()as exp(i )sin( )as

Polarizing arh ! aznhyaiyv ! asy a1 ap

beam splitter an ! asn;agy ! as.y

Fig. 7. Some commonly used linear optical elements and the co rresponding operator transforma-
tions. Phase-shifters and waveplates act on a single spatia | mode, though the latter has a polar-
ization dependence. Beam splitters and polarizing beam spl itters map two input spatial modes,
a; and a, to two output spatial modes, asz and as. For brevity the polarizing beam splitter is not
completely general, but rather a perfect re ector of vertic  al light.

of these linear optical transformations can be produced by sing materials of dif-
ferent re ectivity and refractive index, with polarizatio n sensitive transformations
requiring materials with polarization sensitive properties.

In many circumstances linear optics produce results that ae intuitive from a
classical perspective. However, one notably quantum e ectis photon bunching,
which occurs when otherwise identical photons impinge on dérent input ports of
a 50=50 beam splitter ( = =4 and =0), so that:

L 1 L

aja) jvad ! E(aé +ay)(a) ay)jvac; (24)
L 1 L

ajaj jvad ! E(aéaé ayay) jvac :

Hence two identical photons tend to bunch together and leavea beam splitter
from the same output port rather than following a classical dstribution. In any
actual experiment photons are never perfectly identical, s the e ect is typically
measured by the Hong-Ou-Mandel dig? that quanti es the deviation from classical
behaviour.

Later we shall see that bunching e ects can be used to producentanglement
by enabling a partial measurement in the Bell basis. For a Bdl state to be well
de ned there must be two di erent photonic modes (e.g. di er ent polarizations or
frequencies) at each beam splitter input. It is easy to veriy that the singlet (j i)
is the only Bell state that can lead to unbunched photons:

1 L 1 Lo
p_z(a)ll;hag;v a}llzvag;h)Jva'C'! p_é(ai;haé;v aé;vai;h)lvaq: (25)

This enables apartial Bell measurement because detecting antibunched photons
will distinguish the singlet from the other three Bell states; unlike a full Bell state
measurement that distinguishes all four Bell states from eah other.

Since a partial Bell measurement introduces a probabilist element to entangle-
ment generation, a natural question is whether there is any \ay of performing a full
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Bell measurement with linear optics. However, Vaidman and Yoran*® showed that
linear optics cannot be used to perform measurements in a mamally entangled ba-
sis with probability 100%. Lutkenhaus et al** extended this proof to cover schemes
that use additional ancillas, forward feeding of measuremet results or number-
resolving detectors. On the other hand, it is relatively eay to design apparatus to
project onto the fj 00i;j11i;jOli + j10i;j0li j 10ig basig®46:47:48:19:20

3.2. Matter-light interactions

Since linear optical technology is most mature for optical vavelength photons, we
will typically be interested in electronic transitions at o ptical wavelengths. Within

a matter system there may be several di erent available trarsitions, but here we
consider the simplest possible system where an excited etemnic state jei decays
to a ground state j1i via the emission of a photon. If the purely EM contribution

is removed from the Hamiltonian by absorbing the evolution into the photonic

operators, then the remaining Hamiltonian for the system is

H = Hpmatter + Hint; (26)
where Hmater 1S Simply the di erence in the ! energy betweenjli and jei:
Hmater = ! * ; (27)

which has been expressed in terms of the atomic raising and Wering operators,

* = jeihlj and = jlihgj. The term Hjy is the interaction Hamiltonian between
the two systems. Typically the strongest matter-light inte raction is the electric
dipole transition?, where the energy arises from the electric dipole moment wit
the electric eld: 7

Hine = (1) E(xt)dr (28)

where (¥) is the electric dipole operator. Since optical wavelengtls are much longer
than atomic distances, we can make the electric dipole appramation that assumes
the electric eld is constant over the whole volume where thedipole moment is non-
vanishing. When the matter system is centered at the origin,this gives a simpli ed
expression for the electric eld that factors outside the integral:

1
i X ﬂ 7

Hine =
int "th

(Adr & agexp( ijkjt=c) ai_eexp(ijkjt:c)
K& ’
(29)
The electric dipole operator is simply the distance of charg from the origin:
(M= ef (30)

e(xéy + y& + z8),

dTransitions may be electric dipole disallowed, but may stil | occur by the weaker magnetic dipole or
higher order electric contributions such as electric quadr upole. Nevertheless, the essential physics
is captured by considering only electric dipole transition s.
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wheree is the charge of an electron andg are unilg?vectors in Cartesian coordinates.
Since we are only interested in the action of  on the fj 1i ;jeig subspace, we
rewrite the dipole operator in terms of transition elements
z X X z
(F)d+= jaihb"® a(f) p(F)FRdE (31)
) a;b2f 1;eg

and hence we require some knowledge of the electronic wavefttions 1(+) and

«(¥). In the solid state the problem can be quite involved as an abm in a crystal
lattice will not have a rotationally symmetric Hamiltonian , and hence will not have
rotationally symmetric energy eigenstates.

However, the essential physics is captured by consideringhe simple energy
eigenstates of an atom in free space. The charge of the atomiwcleus provides a
rotationally symmetric Hamiltonian for the orbiting elect ron, whose energy eigen-
states are charge balanceq (¥)j = j i( 71)j. This symmetry entails that the fol-
lowing integrals vanish:

Z

1(®) 1(PrRdr=0; 8i; (32)
z

o(F) e(¥)E®dE=0; 8i;

so that the non-transitioning elements (j1ihlj and jeihgj) also vanish. Further
progress is easy if the ground state is a$-shell electronic state and the excited state
is a P-shell electronic state with angular momentum +1 in the g (z) direction®.
For such a transition the symmetry of these states entails ttat the ”g transition
elements vanish, and the”g and ~& elements only di er by a factor of i. Therefore,

for this simple system the electric dipole operator becomes
Z

(Rde=( *+ )e+i( " )"e; (33)

where the variable depends on further details of the electronic wavefunctions
The phase of s trivial as it follows from the global phase of the electroric wave-
functions, ; and j, and hence we take = j j. With this expression for the
electric dipole operator the Hamiltonian is still too unwieldy to admit any analytic

solutions. However, the Hamiltonian is greatly simpli ed by neglecting terms that
rotate quickly in the interaction picture f. We have already brought the creation
operators into the interaction picture, and absorbing the eect of Hpaier into the

matter-system operators gives * | * exp't and ! exp " . The quickly
rotating terms, *a¥exp(' ***tand aexp (' ¥kt have negligible impact on

®Rotational symmetry can be reintroduced by also accounting for the presence of the P-shell
electronic state with 1 angular momentum.

fWhere evolution due to Hgy and Hmater have been absorbed in the the photonic and atomic
operators, leaving Hjy as the only remaining term in the Hamiltonian.
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long term evolution and individually violate energy consewation. Neglecting them

is the so-calledrotating wave approximation and gives the interaction Hamiltonian:
!

X
Hint = Wk Theexp( i «t) b exp(i «t) ; (34)
K

where ¢ =(! k=0 is the detuning, W is the coupling strength:

ki F

Wy =2 35
: Vel (35)
and the new photonic operator is:
1 . .
b = > (Qkesier T 1Bkegie, + Bkenier T+ 18kesser) ! (36)

This Hamiltonian shows that atomic excitation absorbs a phadon, and that the
reverse process of atomic relaxation always emits a photoriNote also that these
processes conserve angular momentum, as the photonic op&ses by are +1 angular
momentum eigenstate8, so when emission occurs the photons carry away the an-
gular momentum that is lost when the electron transitions from aP to S electronic
state.

In deriving this Hamiltonian we have made three assumptions (i) The elec-
tric eld is uniform over the matter system; (ii) rapidly oscillating terms can be
neglected; {ii ) the electronic wavefunctions are free space atomic wavefictions.
The last assumption essentially gave us the polarization fatures of our Hamilto-
nian, and for matter qubits embedded in a crystal lattice we @n expect a similar
result except with di erent polarization features. For example, in both quantum
dots and nitrogen-vacancy centres in diamond (NV centres) he X Y plane rota-
tional symmetry can be broken and there are often two separat energy eigenstates
that decay via horizontal and vertical polarized light#%:50:51:52:53 '|n NV centres the
crystal lattice" breaks the symmetry, whereas in quantum dots the dominant eect
is the elliptical shape of typical dots.

Consider the Hamiltonian given in Eqn.(34), by assuming tha the coupling
strength is approximately constant over the region where tke detuning is small,
Wi W, , one can derive Weisskopf-Wigner decay}:>*. This analytic solution
gives an exponential decay of the excited state at a rate of BV, , and will also
predict many spectral features of the resulting photon.

9Angular momentum conservation is a consequence of the invar iance of physics under rotations
of the reference frame. Similarly, angular momentum eigens tates are rotationally symmetric up
to a phase. For a eigenstate of eigenvalue m, the eigenstate acquires a phase of exp(im ) for a
rotation of  degrees about the angular momentum axis. Notice that the by operators satisfy this
rotational symmetry

N The NV defect has trigonal discrete symmetry, which breaks t he continuous rotational symmetry
of a free atom in space. However, the e ects of symmetry break ing are ampli ed by strain inside
the crystal lattice.
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However many proposals for a mature hybrid technology emplp the cavity ef-
fects of quantum electrodynamics, which occur between re eting surfaces. These
cavities dramatically a ect the coupling strengths of di e rent frequency photons,
depending on whether the frequencies are resonant with the avity geometry.
The construction of such a cavity can take many forms, includng micropillars®®,
microdisks®® and photonic crystals®”:58:%9, Interesting phenomena occur when a
matter qubit is placed within a cavity, and under certain very general conditions
is described by the Jaynes-Cummings mod&. In this model we assume that one
resonant cavity frequency dominates evolution and that all other frequencies can
be neglected. Assuming that this frequency is on resonanceitli the electronic
transition, we have:

Hoc =igi (B,  "hy); (37)

where the photon k¥, only extends across the volume of the cavity, and hence the
relevant quantization volume is that of the cavity; we use g rather than W, to
identify variables with dependence on cavity volume. Furthermore, the photon is
now a standing wave rather than a plane wave as the cavity wali enforce boundary
conditions on the EM eld. Consequently, the coupling strength is modi ed by a
factor of sin(!Ix=c ), where x is the distance of the matter system from either cavity
wall'.

Important e ects of this Hamiltonian include Rabi oscillat ions and the Purcell
e ect. Rabi oscillations occur when the system is initialized in a state with a single
excitation of either matter qubit or cavity mode, and they correspond to oscillations
of the excitation between the electron and cavity. When the gstem is not lossy,
the Rabi oscillations complete full cycles with a frequencyg,. When the system
is lossy, the Rabi frequency increases and stimulated emigs from the cavity is
enhanced (a phenomena known as the Purcell e e€t:%?),

This introduction of the Jaynes-Cummings model has been idalized as we have
assumed that photons do not escape from the cavity or get absbed by the cavity
walls. The quality factor of a cavity, Q, is a measure of that cavities' performance
at retaining a quanta of energy. The value ofQ is inversely proportional to the
probability, per Rabi cycle, that the excitation is lost fro m the system.

For the purposes of quantum computation, photons lost by absrption into the
cavity walls are undesirable. However, leakage of photonsio modes outside the
cavity can be desirable, provided that the leakage is into oe particular, chosen,
mode. This can be achieved by thinning a region of one re ectig surface, which
increases the probability of tunnelling via this route.

For DQC applications we will need our cavity to leak photons into a mode that
is monitored with photon detectors. If we monitor a joint mat ter-cavity system for
the emission of photons, and none are detected, then its evalion can be described

iThis assumes a 1D model of the cavity, though a full 3D model wi Il include a similar sinusoidally
varying e ect on coupling strength.
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by a non-Hermitian conditional Hamiltonian 3:
i
Hieakysc = Hac EJYJ; (38)
where J is known as the quantum jump operator,
1="%,; (39)

with  quantifying the leakage rate of the cavity. It is the non-Hermitivity of the
additional term that is responsible for the irreversiblel evolution of the system. This
irreversible decay also reduces the norm of the wavefunctioN = h j i at a rate
N that represents the probability density of detecting a photon. In general, any
measurement event associated with a jump operatod will occur with probabil-
ity h jJ¥Jj i. If a detection event occurs, the system is projected by the ymp
operator.

3.3. Local rotations

In this review we are interested in how entanglement can be prduced between
di erent nodes of a distributed quantum computer. However, this presupposes that
we already have excellent control over the quantum systems ithin a node. Indeed,
we will regularly assume that we can perform arbitrary local operations to high
delity, with imperfections in local operations analysed as small noise contributions.

Di erent physical systems allow di erent mechanisms for performing local uni-
taries. For example, when we wish to rotate between a groundtate jli and an
optically accessible excited stateei, this can be accomplished by applying a laser
at a frequency resonant with the transition frequency. The angle of the rotation,
e.g.jli! cos()jli +sin( )jei, is determined by the laser amplitude integrated
across the duration of the pulse. Of particular interest areso-called pulses that
pump jli ! j ei. Note also, that if each node contains more than a single quhi
then arbitrary rotations between those qubits are also conglered to be local. For
example, a control NOT gate between an electron spin and a negby nuclear spin
is local to the node and can also be implemented opticalR#%. In contrast, gates
between qubits in di erent nodes can not be implemented so esily, and require an
entanglement generation protocol.

Since we assume that local gates are technologically easyropared to non-local
gates, the curious reader may wonder why bother with distrituted quantum com-
puting? Surely we could build a quantum computer using theseechniques for local
gates! However, arbitrary control over a few qubits at each wde is much more
technologically viable than arbitrary control of an arbitr ary number of qubits. If we

IHere we use irreversible to mean not cyclic, in contrast to Ra bi oscillations. When the Jaynes-
Cummings approximation is not made, we observe this kind of i  rreversibility in free-space photon
emission. In the free-space case, irreversibility occurs b ecause we couple to an in nite number of
eld modes, and hence any oscillation would take an innite @ mount of time. Since, the Jaynes-
Cummings model involves a nite number of modes, this irreve  rsibility must be added in by hand.
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try and scale up nodes to larger sizes, numerous technologitdi culties emerge.
One of these is the problem ofaddressability in completely local quantum com-
puters, which occurs when we only want one qubit to interact wth a particular
control eld 6. This can not be performed by spatial resolution as interacing qubit
systems will typically be separated by less than an optical \&velength. As for fre-
quency resolution, this is possible for a few qubit systeffy but in long chains of
identical qubits there will be no e ect that splits the frequ ency of every qubit by
a resolvable amount. Though there exist so-calledjlobal control schemes that cir-
cumvent the addressability problenf:67:68:69:70 'the control of large local quantum
computers is not easy in the same sense as it is for small few ljti registers, with
fault-tolerance often presenting a serious problem. Even wen addressability can
be achieved, cooling presents an additional hurdle, as it isften extremely di cult
to reduce population of low lying excited states in such systms. This substantially
reduces the delity of the input state, resulting in a reduced probability of obtain-
ing the correct output. Indeed, it is this problem which currently prevents scalable
guantum computing using nuclear magnetic resonance techgues. Having outlined
some issues involved in local operations, we return to our ma concern: how to
generate entanglement between local nodes.

3.4. Single-photon protocols

Cabrillo et al'® proposed the rst protocol for generating entanglement betveen
distributed atoms via photon measurements, and this seminhwork has spawned
numerous spin-o protocols. Boseet al** showed that this protocol could be adapted
for the purpose of implementing teleportation. Browneet al'® used adiabatic laser
pulses to improve the protocol's success probability and rbustness to various er-
rors'. Childress et al”* demonstrated that a di erent electronic level structure can
provide the same benets. Here we will outline the essentialcomponents of the
Cabrillo proposal. For the purpose of better comparison wih later proposals we
will assume that two photon detectors are used'.

Cabrillo et al considered two matter systems with a -level structure, wit h an
excited state jei that decays to ground statesjOi and jli with decay rates ¢ and 3
respectively (see Fig. 8b). These matter systems are arramgl in the experimental
set-up shown in Fig. 8a. Note that frequency lters ensure that only photons from
the jei ! j 1i can reach the detectors. The Cabrillo proposal begins with bth
matter systems prepared in the statejOi. Next a short pulse of laser light resonant
with the jOi $ ei transition is used to pump a small proportion of the population

KFor examples, Frequency splitting may occur because the qub its are of di erent species, such as
electron and nuclear spin.

'For example, by using detuned lasers they can Iter out scatt ered laser light.

M |n the original proposal only a single photon detector was pr oposed. This wastes an output port
of the beam splitter and reduces the success probability by 1 =2.
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Fig. 8. single-photon protocols: (a) The experimental set- up used for single-photon protocols
(and many other protocols). Two matter systems embodying se parated qubits are placed so that
emitted photons are encouraged to emit towards a beam splitt er, this can be achieved by using
QED cavities or collection lens. Before the beam splitter ar e frequency lters that absorb light
emitted from the jei!j Oi transition. After the beam splitter are two photon detector  s. (b) The
-level structure required for each matter system in the ori ~ ginal Cabrillo proposal.

into the state jei, giving the joint state:
(cos()j0i, +sin( )jei,)(cos( )jOig +sin( )jeig); (40)

where is a small parameter that determines the strength of the weakexcitation.
Since there is only a small probability of excitation, usualy no photons will be de-
tected. However, when a photon is detected we project out th¢0i , jOi ; component.
The purpose of choosing small is so we can assume that two photon processes
are negligible, sojei , jeig also vanishes. This is necessary because although only
one photon was detected, photon loss means that more could ke been emitted.
Later we derive the in delity due to non-zero , though for now we assume the two
photon term is negligible. The presence of the beam splitteensures that we do not
know where the emission originated, and hence we are in a marally entangled
Bell state:

j oi= pl—i joij1i + € jlijoi ; (41)

where the variable depends on the path lengths to the beam splitter and which
detector clicked. All single photon schemes require that tle apparatus is interfero-
metrically stable to distances much shorter than an opticalwavelength so that the
phase factor is known.

Now we account for the in delity due to non-zero , which corresponds to double
excitation processes. If two photons are emitted, and one isindetected, it will
eventually be absorbed by the environment. Equivalently, loth may reach a given
detector which is unable to resolve, or count, the pair. Either process is described
by a measurement of the number of photons, but without our knavledge of whether
the answer was 1 or 2. Hence, we have an incoherent mixture ohé¢ desired state
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with j11i:

@ )j ih j+ j1i1ih1y; (42)
where depends on the excitation strength and photon loss rate, andor simplicity
we have assumed that ¢ 1. The ratio of the weighting (1 ) : is proportional
to the relative probability of one and two photons resulting in a single detector
click. De ning T as the probability of transmission and detection of a given fhoton

emitted by either matter system, it follows that one photon emission and detection
occurs with probability:

Pay =2sin?( )cos( )T: (43)

The equivalent probability for two photon emission followed by one detector click
is:

Pe =sin( )L (@ T)%; (44)

where we have assumed that the photons bunch and detectors nanot resolve the
number of photons. It follows that the erroneous contribution has magnitude:
Pe) sif( )2 T),

P(l) + P(z) 2 sinz( )T ( )

To reduce we must reduce , and hence the probability of detecting a photon. In
the small and small T regime, we have direct proportionally between in delity
and success probability: Zand Py + Py 22

Note that in Cabrillo et al's original proposal the decay channel ¢ only reduces
the success probability. Therefore, we can also use a similapproach to entangle-
ment generation where only the statejli couples tojei. For such a scheme we
prepare the superposition cos() jOi +sin( )jli and then pump jli!j ei.

Entanglement from a single photon detection has been demotrsted between
two clouds of cold caesium atom&:73. In these experiments the logical states of the
qubits were the: jOi all atoms in ground state; j1i an ensemble of atoms sharing an
excitation.

3.5. Two photon protocols

Unlike single-photon schemes, the later two-photon schenseare robust against
interferometric instability and do not have their success pobability tied to in -
delity. As outlined earlier we will introduce a typical anti -bunching protocol and
the double-heralding protocol. It is a testament to the promise of distributed quan-
tum computing that an anti-bunching scheme has successfullbeen used to generate
entanglement between two remote trapped ion&"7°.

The repeat-until-success (RUS) protocol”:18 is another interesting protocol that
we do not have space to review. However, it is worth noting thathe RUS protocol
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Fig. 9. An outline of Duan and Kimble's proposal for generati ng entanglement by post-selecting
on anti-bunched photons. (a) the experimental apparatus in  cludes 3 waveplates, 3 polarizing beam
splitters (PBS) and four photon detectors. D and D, are the \left" detectors and the \right"
detectors are Dr1 and Dr3. (b) the electronic level structure.

performs a generalized measuremehtwith outcomes that are locally equivalent to
the identity or control- Z gates. Therefore, it is the only known hybrid protocol
that has no failure® outcome when there is no photon loss and detectors can res@v
di erent numbers of photons.

3.5.1. Bunching based schemes

Two identical photons impinging on di erent di erent ports of a beam splitter will

bunch together and leave through the same beam splitter port(see section 3.1).
This feature of Bell states has been exploited in numerous mposals for generating
entanglement either using polarizationt> 6 or frequency’”’ to de ne the logical basis.
All of these schemes essentially use a -level structure andpost-select on anti-
bunched photon detections, from which we can infer that the gotons were not

identical. Here we will describe the proposdl of Duan and Kimble?®.

Duan and Kimble proposed an experimental set-up that uses weeplates and
polarizing beam splitters to erasure which-path information of polarization encoded
photons (see Fig. 9). Their matter system has a level structoe with an excited
state that decays to jOi or jli via the emission for a horizontal or vertical photon,
respectively. They also assume a ground statggi that can be driven to the state
jei. The role of jgi is only as a storage state before driving the state tgei, so it

"By generalized measurement we mean Positive Operator Value s Measurement, or POVM for
short

°The identity operation is not a successful entangling gate, but it is not a failure either, as the
qubits are not projected into some separable state.

PWe give their more re ned version of the protocol that uses mo re experimental apparatus but
increases the probability of success.
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is unnecessary if we have some other means of preparifg. The protocol runs as
follows:

(1) From the initial state jgijgi, adiabatically drive both matter-cavity systems
into the state jeijei;

(2) walit for the system to relax whilst monitoring for emitte d photons; the protocol
succeeds when we observe two photon detection events, one anleft detector
and one in a right detector.

Just after the matter systems A and B relax and emit a photon, the state of the
system is:

i = (goj0i & + g11i a})(goj0i b + g1 i ) jvad ; (46)

where go and g; are the relative probabilities of relaxation by horizontal versus
vertically polarized photons. The rst waveplate rotated t he polarization at mode
b:

j 1=(%]j0i a; + g1jli &)(gj0i b + g1 jli b%)jvaci : (47)
Impacting on the PBS the vertical photons are re ected:
ji=( o0 cie)+ gogij0li /) + qugojl0i i) of 11 dydl)jvaci; (48)
for which the subspace with one photon on either side of the PB is entangled:

anti  bunched

i /" 9100(jO1 ¢/ ! + j10i c) ) jvadi : (49)

However, when we measure the photons we have to ensure that itfeer we nor

any other system has information about whether the photons sefiorv polarized.
If this information is measured by any system then it will result in a projection
into jOli or j10i. For this reason we use another waveplate and PBS to measure

modesc and d in the 45 polarization basisf (ﬁ@%’); (5%7)9, which gives completely

random outcomes forf or ¥ photons. Hence, a successful application of the Duan
and Kimble protocol will project the matter system into the singlet state.

Compared to single photon protocols, antibunching schemeare more sensitive
to photon loss as they require two photons to successfully ech the detectors and
may have a more complex apparatus and hence a higher loss ratdowever, photon
loss only aects the success probability and not the delity. Furthermore, since
each term of the superposition contains a photon that traveses both arms of the
apparatus, the scheme is insensitive to di erences in pathéngths.

4There may be a trivial phase depending on which detectors cli ck.
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Fig. 10. An outline of Barrett and Kok's protocol for generat  ing entanglement by double herald-
ing the parity measurement made by a single photon scheme. (a ) the experimental apparatus is
similar to that in the Cabrillo proposal, shown in Fig. 8, but with the removal of the frequency
Iters. (b) an L-level electronic structure; jOi and jli are degenerate, or nearly degenerate, in en-
ergy; The excited state jei decays to jli via a photon emission, whereas decay/absorption between
jOi $j ei is not permitted due to a selection rule.

3.5.2. The double-heralding scheme

We now turn to the double-heralding schemé&®, which uses matter qubits with an
L -level structure arranged as shown in Fig. 10. The procedureonsists of four steps:
preparation, rst heralding, bit ips and second heralding :

(1) Preparation: Both qubits are initialized in the j+i = (jOi + j1i):p 2 state;

(2) First heralding: Both qubits are subjected to a -pulse of frequency! , which
causes the transitionjli ! j ei. Next, the photon detectors D; and Dy wait
for detector clicks until enough time has passed that it is vey unlikely that
the cavity still contains any excitations. We proceed to the next step of the
protocol only if we have seen exactly one click.

(3) Bit ips : Both qubits are bit ipped by the rotation XaXgp;

(4) Second heralding We repeat the 2 step. If and only if we again see one click
then the protocol has succeeded.

Notice that the rst two steps are the same as for the Cabrillo protocol when
= =4 and decay is only possible by one channel. Hence, after thest heralding
we have a mixed state:

2 . 2T
2T j ih j+ 7T j11ih11j: (50)
After the bit ip we have
2 2T
2T J ih ]+ 7T j00GIhOQ;: (51)

When we perform the second heralding, the erroneous term canot emit any pho-
tons and so can not lead to a detector click. Furthermore, on he second heralding
the photon traverses the opposite path to that of its rst jou rney, and hence both
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Fig. 11. Schematic of a DQC: Nodes of a DQC are alphabetically labelled, and each node contains
some number of qubits of which at least one is optically activ e. Within a node control elds can
manipulate qubits to high delity, so each node is miniature quantum computer. However, large
scale quantum computing requires entanglement generation between nodes. Photon decay paths
from di erent nodes are switched by an optical router, enabl ing entanglement generation between
any two nodes.

terms of the superposition acquire the same phase due to pattength di erence’.
Although, in any one successful round only a single photon isletected, the whole
protocol is successful after two photons have been detected

Double heralding is not just suitable for producing Bell pairs, but can also be
used to produce a parity projection for growing graph states(see section 4.1). For
graph state growth we omit the preparation step, and apply the protocol directly
to the graph state qubits. Upon success we undo the&X 4 Xg, and the result is an
odd parity projection.

3.6. A scaled up device

To recap, in this section we have reviewed some protocols faenerating entangle-
ment and the physical mechanisms they use. Although entangiment is essential
for quantum computing, quantum states with bipartite entan glement alone are not
su cient. Rather we require that many nodes of a distributed quantum computer
can be entangled with each other. Therefore, all of the entaglement proposals will
require an optical multiplexer that switches the paths of photons. When construct-
ing graph states probabilistically, a dynamical strategy requires us to be able to
cross photon paths of a large number of nodes, whereas devicwith a xed num-

"This assumes that path length has not varied between the rst  and second round.
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ber of optical switches must made use of a hon-dynamic stratgy (e.g. a percolation
strategy, as in section 4.2.2).

In the case of double heralding we were able to grow graph stas by omitting
the preparation step. However, this is not generally the cas. For example, level
require us to initialise in some separable state that can dey to either logical state,
and this loss of prior entanglement during the preparation s unavoidable. Thus,
to make use of such protocols it is necessary to have at leashe additional qubit
present at each node, where the two (or more) qubits within a mde interact in such
a way that we can perform good quality quantum gates between tiem. Then the
optically active qubits can negotiate entanglement, whilethe secondary qubits act
as the logical qubits’37879 It is well known that once a Bell pair is shared between
two nodes it can be used to implement an arbitrary two-qubit gate, and hence
enable either circuit model quantum computing or one-way g@ntum computing.
When using ancillary qubits in this fashion the graph state is also bu ered against
damage, reducing the need for strategies for probabilistigraph growth. Surpris-
ingly, however, it is possible to grow graph states with onlypolynomial overhead
even if this bu ering is not possible, as is the case when onlpne qubit per node is
available.

4. Growth strategies
4.1. Graph growth with parity projections

From the constructive de nition of a graph state, it trivial ly follows that if we can
perform CZ gates and local operations then we can construct graph state However,
many proposals for entanglement generation are projectiveather than unitary,
especially when the entanglement is induced by measuremesit Indeed most of the
entanglement protocols for distributed quantum computing post-select on some odd
parity photon measurement signature, which we might expectcorresponds to an
odd parity projection on some qubits x and y:

P = j01ih0ljyy + j1Gih10jxy ; (52)
where we use the negative sign to denote odd parity because d¢an also be written
in term of Pauli-operators:

P =1 2zizy)=2 (53)

which also de nes the even parity projector, P*. Since Z,Z, is a stabilizing
operator, this notation shows that P project onto the subspace stabilized by the

ZxZy of the same sign. Since such parity projectors project onto atabilizer state
we might expect that they are suitable for constructing graph states. Indeed, in

STo our knowledge the Repeat-Until-Success protocol 17 is the only measurement based protocol
for generating entanglement that upon success generates a t rue control- Z gate as opposed to a
projection.
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Fig. 12a we illustrate how a parity projection a ects two qubits A and B: they
becomeredundantly encoded which is LU-equivalent to a graph state with qubit A
gaining all of the neighbours of qubit B, whilst B becomes a danglingcherry with
A as its only neighbour.

To verify that this is the e ect of an odd parity projection, w e rst consider the
initial state of the constructive de ned graph state, jGi, which we divide into three
partitions: qubit A, qubit B, and the remaining graph statejGY:

iGi = E(JOI + 1 ZA)a (01 + j1i Zg)s jGY ; (54)
where Z« denotes a product of all the phase- ip operators resulting fom the ap-
plication of control-Z gates involving graph vertex x, or formally:

Y

Zy = Zy: (55)
y2N (x)

It follows that projection into the odd parity subspace generates:
iGil P jGi; (56)
pl—z(jo; 1iZg + (100 Za)ag jGY;

1 . A .
p—z(ZBXBHB)(JO;H +j1;i ZaZg)as jGY;

p_z(ZBXBHB) CZE(j0i + jliZaZB)aj+ig jGY;

where removal of the local unitariesZ g Xg Hg clearly gives the constructively de-
ned graph state depicted in Fig. 12a. Note that we have only indicated the local
unitary Hg in the gure. Throughout this review we will omit Pauli-oper ators from
our illustration of states LU equivalent to some graph state We use this convention
because the presence of a Pauli-operator does not dramatitae ect the evolution
of a graph state under Pauli measurements, whereas the presee of a Hadamard
rotation does have a signi cant e ect'. Note that an even parity projection would
give the same stateup to a di erence in local Pauli operators.

4.2. Probabilistic graph growth

A broad range of entanglement protocols, generating contrbZ gates or parity pro-
jections, enable graph growth. However, as entanglement geration in distributed
guantum computers will typically be probabilistic, with a f ailed attempt projecting
the qubits into some separable states. This raises the quesin of whether proba-
bilistic graph state growth can be performed e ciently. A na ive approach to graph

tFor example, a graph state qubit with a Hadamard measured int  he X -basis will generate the same
nal state as a Z-basis measurement on an equivalent graph state without the Hadamard present.
In contrast Pauli-operators are only capable of more interc hanging the outcomes of Cli ord group
measurements.
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Fig. 12. Examples of graph growth by parity projection: ( a) the outcome of a parity projection
on two qubits both part of a graph state with many neighbourin g vertices. One qubit, say A,
acquires all of the neighbours of the other qubit, B. Whilst qubit B becomes connected to qubit
A and only qubit A, with the addition of a Hadamard rotation. We can remove this Hadamard to
obtain a constructively de ned graph state. When a qubit onl  y has 1 neighbour, as qubit B does,
we call this qubit a cherry. Note that parity projections do not have a basis towards one  qubit,
we could equally describe the resulting state with qubit A as the cherry. Since the roles of A and
B are interchangeable they are said to be redundantly encoded . (b) the growth a chain of qubits
with a probabilistic control- Z operation. Provided an oine resource of chains greater than some
critical length, the longest available chain will, on avera ge, grow in length.

growth would restart whenever it fails to entangle any two qubits. Denoting the
probability of generating entanglement by p, the overall probability of success for
this naive strategy will fall exponentially as p", wheren is the number of required
number of attempts at entanglement generation. An exponenial fall in success
probability entails an exponential amount of time until success, and hence we lose
any speed-up gained from using a quantum algorithm. Therefte, we say that a
strategy for probabilistic graph growth is e cient when the temporal and spatial
overheads scale polynomially in the size of the graph state.

Indeed numerous e cient strategies do exist, and they all exploit the way failed
entanglement generation only causes local damage to graphases’ 82921, Typi-
cally, the exposition of these strategies has assumed thatganglement is produced
by a control-Z gate, though it is trivial to modify them for graph growth by p rob-
abilistic parity projection. For the entanglement generation protocols that we are
interested in, failure to entangle two qubits will always either: project the qubits into
a separable state of the computational basior produce an unknown phase error
on the qubits. Therefore, we can measure out these qubits inhe Z -basis, applying



June 14, 2009 23:38 WSPC/INSTRUCTION FILE MBQCreview

33

a correction to their neighbours where necessaty We say that failure damagesthe

two qubits, and that they have to be reset before we attempt to regrow the lost
graph vertices. Note that if a failure could cause bit- ip noise, we would also have
to reset their neighbours’. This property of graph states is closely related to a trick
introduced into linear optical quantum computing by Knill et al*®, which teleports

successful instances of probabilistic gates into the mainlgorithm €.

4.2.1. Dynamic growth strategies

Here we outline two strategies for that we calldynamic graph state growth strate-
gies, so-called because they do not use a predecided sequent attempts at gen-
erating entanglement. Implementing these protocols wouldrequire our quantum
computer to be able to attempt entangling operations betwea any, or almost any,
pair of qubits. First we consider the growth of long chains ofqubits, which is the
rst stage of graph growth for the proposal of Duan and Raussedorf’. In Fig. 12b
we show the failure and outcome possibilities when connecty two chains, each
initially containing L qubits. This succeeds with probability p, and the successfully
joined chain has length 2. However, if it fails, then the result is two chains of
length L 1. From this, we can calculate the expectation value of the logest avail-
able chain:h_L¢i = p2L +(1 p)(L 1). For, on average, growth of the chain, the
expected nal chain length must be larger than the initial chain, hLi < H_;i. This
simpli es to requiring that the initial chains are longer th an some critical length
Lc=p ! 1. Growing these critical length chains can be expensive fosmall p,
but the resource cost does not scale with the size of the compation. Therefore
chain preparation is a constant cost that does not a ect the eciently of the strat-
egy, and we call such state® ine resources. Furthermore, Duan and Raussendorf
showed the time to prepare chains of lengthL scales as log{L L.). From here
Duan and Raussendorf propose that chains are connected at éhmiddle to produce
a large cross shaped graph state, as outlined in Fig. 13a. Theentral vertex of
this cross will be present in the nal target graph state, the purpose of all other
qubits is simply to bu er against graph damage. When attempting to connect two
crosses the probability of an outright failure drops exponatially with the size of
the bu er. After a successful connection, any remaining bu er qubits are removed
by Cli ord group measurements in the X or Y basis. By constructing suitable sized
cross shaped graphs states, the chance of failing any conriien in building an N by
N square lattice, or cluster state, is kept to a small probabilty at subexponential
cost in time and qubits’. A strategy in a similar spirit is the micro-cluster strategy

YA jOi result requires no correction, whereas a j1li outcome requires that that all graph neighbours
are phase- ipped.

V'More formally, if qubit x is involved in a failed procedure resulting in bit- ip noise  then we would
have to reset all qubits y such that y 2 N (x). Duan and Raussendorf assumed this worse case
scenario when evaluating their graph growth strategy 7. Therefore, when we describe their strategy
in the next section there will be some slight di erences in so me expressions
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Fig. 13. Examples of Re-routing growth strategies: ( a) the cross strategy proposed by Duan and
Raussendorf: (b) the micro-cluster strategy proposed by Nielsen. For an idea of the number of

qubits required, the number of qubits/connections lost at e  ach stage of graph growth is reasonable
for a success probability of p=1=3.

proposed by Nielsefi, which we outline in Fig. 13b. Instead of cross shaped graph
states, this strategy proposes star shaped objects known asicro-clusters, of which
only the central vertex will be present in the nal graph stat e. This strategy has a
similar scaling to that of Duan and Raussendorf. Note that micro-cluster are LU-
equivalent to GHZ states, named after Greenberger, Horne ath Zeilinger who rst
described then¥!; and as such the terminology often used interchangeably.

4.2.2. Percolation strategies

Both the aforementioned strategies assume that the quantumcomputer is capa-
ble of attempting an entanglement operation between almostany two qubits, with

the decision making process made dynamically by an assistinclassical computer.
Building a quantum computer that provides the exibility of being able to change
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Fig. 14. A simple example of graph state growth by percolatio n. First we produce microclusters
arranged in a grid, and then attempt to join the microcluster s into a square grid, much like the
strategies in Fig. 13b. However, rather than ensuring that t he microclusters are large enough
that every connection is almost certain to succeed, many wil | fail. With the grid divided into
blocks of qubits (we show 4 blocks with di erent colours whic  h slightly overlap), we require that
a qubit can be found in each block such that a path of successfu | connects leads from that qubit
to neighbouring qubits. When the successful probability is  greater than some threshold (1/2 for
square lattice and 5 qubit microclusters), it is asymptotic ~ ally certain that this strategy succeeds.

which qubits we entangle is clearly more technologically chllenging than one that
does not. A natural question is whether graph states can be gwn when the quan-
tum computer can only entangle each qubit with a xed number of predecided
qubits? Indeed it has been shown thatpercolation phenomena can be exploited to
grow graph states when the interconnectivity of a device isimited %1% In Fig. 14
we illustrate a simple percolation strategy where no qubit reeds to be entangled
with more than 4 qubits other qubits. The overall square lattice is sub-divided into
partially overlapping square blocks that will each represat one qubit in the nal
graph state. Each block is successful if there is a uninterrmpted path from left-to-
right and top-to-bottom, and we also require crossings in the overlapping region.
Assuming that such paths exist, all qubits except one in eaclblock are measured in
a Pauli-basis to reduce down to a square lattice. Thepercolation phenomena that
they exploit is well known in other elds and describes phasechanges in problems
such as the movement of solvents through Iter paper (chromaography) and the
movement of petroleum through fractured rock. Kieling et al® utilise results from
bond-percolation theory that to show that provided the probability of a hole de-
fect is smaller than some critical value, then at a polynomia overhead the success
probability is asymptotically certain V. For a square lattice this critical probability
is 1=2, though more favourable probabilities can be tolerated byutilising di erent

WIf the target graph state is a square lattice of L by L qubits, and we use blocks of order L by
L qubits (> 0), then the probability of success approaches 1 as L !1
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lattice topologies, such as 3D square lattices and diamondttices, and by simply in-
creasing the size of the initial microclusters. Percolatio phenomena has also been
investigated when sites rather than bonds fait', and in the context of quantum
communication®®.

4.2.3. Problems with probabilistic graph growth

All the above strategies take the probability of successfuentanglement generation,
p, as a constant, and assume perfect delity operations. Giva these constraints it is

claimed that graph growth can be performed e ciently. Howev er, asp decreases the
constant overhead increases rapidly. Indeed, extremely 1@ p makes graph growth

impossible when the expected time to make a single succeskftonnection exceeds
the decoherence timé of the qubits. Paying heed to the e ects of noise, as we
increase the number of qubits used in a single cross, micrduster or percolation

block, we increase the amount of noise that will eventually ollect on a single graph
state qubit®. Hence, under realistic conditions probabilistic graph gowth strategies

will be too noisy for quantum computing when p is too low. Exact bounds are not

known, but what is clear is that signi cant gains can be reapel by generating

entanglement with a lower probability of damaging the underying graph.

5. Robust computation

While the growth strategies discussed in the previous seabin allow us to deal with
probabilistic entangling operations, more e ort is necesgary to deal with noise ac-
cumulated during construction and measurement of graph stées. Such errors may
be caused by errors in the local operations or entangling opation, for example due
to photon detector dark counts, or simply by decoherence oftie matter qubits used
to store the graph state. In any case, any scalable architecire must take steps to
suppress such noise in order to maintain a nite probability of obtaining the correct
output from a computation.

5.1. Error correction and fault-tolerance

One of the major successes of quantum information theory hadeen the devel-
opment of a formal theory of fault-tolerant computation. In such a model, the
guantum information is encoded using an error correction cde to protect against
interaction with the environment and other random errors. A universal set of gates
is then constructed in such a way that errors are not ampli ed. A regular regime of
error correction between logic gates ensures that the comgation remains in the
encoded subspace. Provided that the error rate is below a dical value, known as
the fault-tolerance threshold, errors can be suppressed de nitely with only poly-
nomial resource overhead. The exact value of the fault-tolence threshold depends

XThis is a measure of the rate at which noise takes a qubit into a randomized state.
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on several factors including the speci ¢ error correction ode used, the structure of
the fault-tolerant logic gates and on the underlying physial operations available.

Maximising the fault-tolerance threshold is an extremely important open prob-
lem as it allows for computation to be performed in noisier sgtems, reducing
the technological overhead required to implement quantum omputation. Although
many families of quantum error correcting codes have been pposed, determining
a threshold is far from trivial. A number of di erent factors a ect the threshold
for fault-tolerance. Important factors include how many errors can be detected and
diagnosed by an error-correcting code and how many gates arequired per round
of error-correction.

While standard error correction codes, such as the Shor andt€ane code&8,
can be applied to one-way quantum computing, it is far from ckar whether codes
designed for the circuit model of quantum computation will prove to be the best
option in this new architecture®%:86:87,

One promising proposal, brought forward by Raussendoff, is to use surface
codes$?® to protect against errors. Surface codes represent a topadical approach
to error correction, in which a tiling of local operators on some surface are used
to stabilize the subspace in which the computation takes plae. An advantage of
this approach is that it nds a natural substrate in three dim ensional extension of
cluster states. Such topological approaches to fault toleance provide a fertile area
for further research and may well result in higher fault tolerance thresholds.

5.2. Entanglement distillation

We have brie y reviewed how fault tolerant quantum computat ion enables reliable
computations despite the threat of errors occurring at any $age, e.g. graph state
growth, storage, or measurement. However, these techniggecan only cope with
small error rates. But what if noise is signi cantly worse at a particular stage, such
as during our entangling operation used for graph state groth. This possibility
naturally occurs in a distributed architecture, where entangling operations between
nodes will occur via a fundamentally di erent mechanism than inside nodes. For hy-
brid matter/optical systems the entangling operation may be noisy dues to photon
loss, dark countd, imperfect alignment of optical elements or non-identicalphoton
sources. Whilst there will also be noise processes within mies, it seems that these
must strictly be less noisy than the appropriate fault tolerance threshold. Provided
that noise is low inside nodes, many uses of a noisy inter-n@dentangling operation
can be used to produce a single high delity entangling opertion. The family of
protocols that achieve this are aptly calledentanglement distillation protocols, and
can provide high delity graph state growth even when the entangling operation is
signi cantly nosier than any fault-tolerance threshold.

Such a powerful tool does not come for free and requires somelditional com-

YWhere photon detectors click in absence of a photon.
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plexity in the structure of quantum computer. To employ enta nglement distillation
protocols requires more than one qubit per node, with the preise number of qubits
depending on the type of noise and protocol employed. Most othe literature fo-
cuses on so-called Pauli noise, where the entangling operans produces a Bell state
up to random Pauli Z (phase), X (bit) or Y errors. Dur and Brie gel”® showed that
4-5 qubits per node can be used to distill almost any entangtig operation that suf-
fers from Pauli noise. Later Jianget al*® proposed a di erent scheme that distilled
general Pauli noise using 4 qubits per node, but only needed gubits per node
for phase noise. Both these protocols can be employed both thin the one-way
model and the circuit model, as they use a one qubit bu er per rode to store a
high delity Bell pair which is then consumed to perform any high delity logical
operation. Exploiting the simplicity of graph state growth , it has been show§% 2
that the need for a one qubit bu er can be eliminated, with high delity graph
states growth possible using only 2 (phase noise or photon $s noise) or 3 (gen-
eral Pauli noise) qubits per node. A description of the intemal working of these
protocols is beyond our current scope, but we hope to have ceryed that a great
deal of inter-node noise can be distilled with a node contaiimg a modest number of
qubits. Note that, if much larger nodes are available then wemay use more complex
protocols for graph state distillation 992,

6. Conclusions

In this introduction we have seen how hybrid matter-optical systems can be com-
bined with the one-way model of computation to yield an extremely powerful and
robust architecture for scalable quantum computing. As sut technologies mature,
additional local structure will allow for higher e ciency, by bu ering growth and
distilling the entanglement present. These systems hold te promise of universal
control without the limitations imposed by local architect ures, and may oer a
shortcut on the route scalable devices.
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